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ABSTRACT

In this paper we consider a continuous map f: X — X, where X is a
compact metric space. The existence of chaotic sets of f is discussed. For
the special case X = [0,1], we prove that f has a positive topological
entropy iff it has an uncountable chaotic set in which each point is almost
periodic, and iff it has an uncountable chaotic set in which each point is
chain recurrent. As an application, a uniform proof for some known results
will be given.

1. Introduction

Throughout this paper, X will denote a compact metric space with metric d;
I is the closed interval [0, 1].

For a continuous map f: X — X, we denote the sets of periodic points, almost
periodic points, recurrent points, nonwandering points and chain recurrent points
of f by P(f), A(f), R(f), Q(f) and CR(f), respectively, and the topological
entropy of f by ent(f), whose definitions are as usual (cf. [1] where, however,
“almost periodic” is called “strongly recurrent”). f™ will denote the n-fold iterate
of f.

D C X is said to be in a chaotic set of f, if for any different points z,y € D,

Jlim_infd(f"(2), f*(y)) =0 and  lim supd(f"(x), f*(y)) > 0.

f is said to be chaotic, if it has a chaotic set which is uncountable.
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For a continuous map f: I — I, Li and Yorke [10] proved that if f has a
periodic point of period 3, then it is chaotic.

Later, many sharpened results came into being in succession (see [1], [6], [7],
[8], [9], [11], [13], [15], [16]). One can find in [1], [6] and [12] equivalent conditions
for f to be chaotic and in [14] or [18] a chaotic map with topological entropy zero,
which showed that positive topological entropy and chaos are not equivalent. On
the other hand, it is known that by restricting the uncountable chaotic set to
R(f), or to P(f), or to (f), then equivalence holds (see [3], [19], [20]).

This left us a question: Is the existence of an uncountable chaotic set of f in
A(f) or in CR(f) equivalent to ent(f) > 07

In the present paper, we first derive in Theorem A a sufficient condition for a
map to have an uncountable chaotic set in which each point is almost periodic.
We then use Theorems B and C to give a positive answer to the question.

The main results are stated as follows.

THEOREM A: Let f: X — X be continuous. If f has an almost shift invariant
set, then it has an uncountable chaotic set in which each point is almost periodic.

THEOREM B: Let f: I — I be continuous. If ent(f) > 0, then there exists an
uncountable chaotic set of f in which each point is almost periodic.

THEOREM C: Let f: I — I be continuous. Ifent(f) = 0, then any set containing
at least two chain recurrent points of f is not chaotic

We give the proofs of Theorems A and B in Section 2, and the proof of Theorem
C in Section 3.

Theorems B and C not only give a positive answer to the above problem, but
also unify the proofs of some known results. In fact, since

A(f) C R(f) c P(f) C Q(f) C CR(f)

(cf. [1]), we have at once

COROLLARY D: Let f: I — I be continuous. Then the following are equivalent:
(1) ent(f) > 0.

f) contains an uncountable chaotic set of f.

(2) A(

(3) R(f) contains an uncountable chaotic set of f.
(4) P(f) contains an uncountable chaotic set of f.
(5) 9

)
f) contains an uncountable chaotic set of f.
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(6) CR(f) contains an uncountable chaotic set of f.

Remark: In Corollary D, (1)<(5) was proved by Zhou [20]. (1)=(4) and
(1)=(3) were given by Yang [19] and Du [3], respectively. However, (1)=(2)
and (6)=>(1) are new.

2. Proofs of Theorems A and B

In this section f will denote a continuous map of X into itself, X the one-sided
symbol space with k symbols and o the shift on Zx. For any z € X, w(z, f)
denotes the set of w-limit points of = under f.

M C X is said to be minimal under f, if it is a non-void, closed and invariant
subset of f and has no proper subset which is non-void, closed and invariant under
f
Definition 2.1: A compact set A C X is said to be almost shift invariant if:

(1) f(A) CA.

(2) There exists for some k > 2 a continuous surjection h: A — ¥ satisfying:

(a) The set {y € Ik ; A~1(y) contains at least two points} is countable.
(b) ho fix=00h.

LEMMA 2.1: For any z € X the following are equivalent:

(1) z € A(f).
(2) x € A(f™) for any n > 0.
(3) z € w(z, f) and w(z, f) is a minimal set of f.

For a proof see [4] and [5].
LEMMA 2.2: (Lemma 3 of [2]). CR(f) =CR(f") for any n > 0.

LEMMA 2.3: For any k > 2 the shift ¢ on ¥j has a minimal set containing an
uncountable chaotic subset.

The proof will be given in the Appendix.

LEMMA 2.4: Let f: X — X, ¢:Y — Y be continuous, where X,Y are compact
metric spaces. If there exists a continuous surjection h: X — Y such that goh =
ho f, then h{A(f)) = A(g).

Proof: By the definition of almost periodic points, we have obviously

h(A(f)) C A(g)-
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To prove the lemma, it suffices to show h(A(f)) D A(g). For any y € A(g),
h=Y(w(y, g)) is an invariant subset, so it contains a minimal set M of f. Clearly,
h(M) C w(y, g) is invariant under g. By minimality of w(y, g), (M) = w(y, g).
Thus there exists an almost periodic point x € M such that h(x) = y, which
proves

h(A(f)) > Alg).

Proof of Theorem A: By the hypothesis in the theorem, f has an almost shift
invariant set A, thus there is a continuous surjection h : A — Xy, for some k > 2
such that for any z € A,

ho f(z) = g0 h(x).

By Lemma, 2.3, there is a minimal set M’ C ¥ such that M’ contains an un-
countable chaotic set D’ of &. Again by Lemma 2.1, each point of M’ is almost
periodic. Denote, for simplicity, g = f|a. By Lemma 2.4, for each y € D’ we can
take an x € A(g) such that h(z) = y. All of these points form an uncountable
set of A, which we will denote by D. To complete the proof of the theorem, it
suffices to show that D is a chaotic set of f.

For any 71,22 € D, there exist y1,y2 € D' such that h(z;) = y; for i = 1,2.
First, we see easily that

lim supd(o”(y1),0™(y2)) >0

n—0o
implies
lim supd(g™(x1),¢"(z2)) > 0.
n—co
Secondly, since A is an almost shift invariant set of ¢ and D’ uncountable, it

follows that there exists yo € D’ such that h~!(y) contains only one point zo.
By the chaoticity of D' and minimality of M’, there exists n; — oo such that

lim o™ (y,) = lim 6™ (y2) = yo,
21— 00 1—00

which implies

lim g™ (z1) = lim g™ (22) = Zo.
T— 00 T1—00

Thus,
lim infd(g"(z1),¢"(z2)) = 0.
n—00

Since g = f|a, we see that D is a chaotic set of f.
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Proof of Theorem B: Since ent(f) > 0, by [1] for some N > 0, fV has an
almost shift invariant set (cf. the proof of Prop. 15 of Chap. II in [1}). It follows
from Theorem A that fV has an uncountable chaotic set, say D, in which each
point is almost periodic under fV. Obviously, D is also a chaotic set of f. And
by Lemma 2.1, D C A(f). Hence the result follows.

3. Proof of Theorem C
LEMMA 3.1: Let f: X — X be continuous and let x,y € X. Then
Jim inf d(f™(2), f*(y)) =0
iff for any N > 0,
i infd((FV)" (@), (FN)"(9)) = 0.
Proof: The sufficiency is obvious. We proved the necessity. Since
Jim_ infd(f"(2), /*(y)) = 0

and X is compact, there exist xog € X and some sequence of positive integers
n; — 0o such that

lim /™ (z) = lim f™(y) = 2o

11— 00
Let n; = psN + r;, where 0 < r; < N. For some r with 0 < r < N, there
exist infinitely many ’s, say 4; < i3 < --- such that r;, = r;, = --- = r. Set
£=N —r>0. We have

frati(a) = (NPt (e) - (o),
Fretiy) = (FYPt(y) — (o)
This shows
lim inf d((£Y)" (@), (FY)"(9)) = 0.
In the following statements, f will denote a continuous self-map of I = [0, 1]

with entropy zero. For any z,y € I, ]z, y[ will denote the closed interval with
endpoints z and y, when it is not known whether z < y or y < z.

LEMMA 3.2: Ifx € CR(f) — P(f), then for each n > 0 there exists a fixed point
of f* between z and f"(x).

For a proof see [12].
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LEMMA 3.3: Ifz € CR(f) — P(f), then there are no fixed points in [a, b], where
a = inf{f%*(z);k = 0,1,2,.. .},
b= sup{f**(z);k =0,1,2,...}.

For a proof see (1], p. 151.
LEMMA 3.4: Suppose z,y € CR(f) withz < y. If [z,y] N P(f) # 0, then
Jim inf /(@) - /)] > 0

Proof: To show the result, it is sufficient from Lemma, 3.1 to prove that for some
N >0,

(*) lim inf |(f¥)"(z) = (V)" (y)| > 0.

For this we divide the proof into three cases.
CASE 1:  z,y € P(f). In this case, there exists an N > 0 such that f¥(z) =z
and fN(y) =y. So

Jim inf |(F7)"(2) = (FV) ()] = |2 = 9] > 0.

CASE 2: For z and y, one is periodic and the other not. Without loss of
generality we assume z € P(f) and y ¢ P(f). There exists ¥ > 0 such that
x is a fixed point of f*. Since CR(f) =CR(f*) and P(f) = P(f*), we have
y € CR(f*) — P(f*). Noting that ent(f) > 0 iff ent(f*) > 0 (cf. [1] or [17]), it
follows from Lemma 3.3 that z ¢ [a, b], where

a = inf{(f*)(y); n=0,1,2,...},

b= sup{(f*)*(y); n=0,1,2,...}.

And hence inf{|x — z|; z € [a,b]} > 0. Thus we have for N = 2k
Jim inf (V) (@) — (7Y ()] = lim inf | (7 (2) (£ (0)]
- lim inflz ~ (7))

> inf{|x — z|; 2 € [a,b]} > 0.
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CasE 3: z ¢ P(f)andy ¢ P(f). Since [z,y]NP(f) # 0, there exists p € (z,y)
such that p € P(f). Suppose the period of p is k. Then p is a fixed point of f*.
As stated in Case 2, y € CR(f*) — P(f*) and ent(f*) = 0. Thus by Lemma 3.3
for

a =sup{(f*)*(z); n=10,1,2,...} and B=inf{(f5)™(y); n=0,1,2,...}

we have a < p < . One can check easily that (x) holds for N = 2k%.
The proof is complete.

LemMMmA 3.5: Let z,y € CR(f). If 1f*=),f*(W)NP(f) = O for each
n=0,1,2,..., then lim, . |[f*(z) — f*(y)] = 0.

Proof: For each n > 0, denote I, =|f"(z), f*(y)[. We claim that I,, NI, =0
whenever m < n.

To prove the claim, we restrict attention to the case

f™(x) < fY(=).
By Lemma 3.2, there is a fixed point e of f*~™ such that

f™x) <e< fr(fM(2) = [ ().

Since e ¢ I; for i = m, n, it follows that I,,, C [0,€) and I,, C (e, 1], which implies
I, NI, = 0 and therefore the claim follows.
Let L(I,) denote the length of I,,. Then for each N > 0, by the claim,

N
Y L) <1

n=0

This shows that the series Y. L(I,) converges and therefore

Jim |f™(2) - f"(y)| = lim L(I,) = 0.
Proof of Theorem C: 1If z,y € CR(f) with x # y, then either for some
n > 0,]1f"(z), f{(y)INP(f) # 8, or for each n > 0, |f™(2), f*(y)[NP(f) = 0.
So, by Lemmas 3.4 and 3.5, any set containing both z and y is not chaotic
under f.
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Appendix

The aim of this appendix is to prove Lemma 2.3. The argument is patterned on
that given in [21].

Let S = {0,1,...,k — 1} be a set of k symbols. We call A a symbol interval
on S, if it is a finite sequence of elements of S. Suppose A = (ag...a,) and
B = (bg . ..bm) are both symbol intervals on S. Define

(A%) AB = (ag...anbo. . .bm),

which is also a symbol interval on S. We say A occurs in B, and write A < B,
if there exists ¢ > 0 such that a; = b;; for j =0,...,n. Similarly, one may give
the definition of a symbol interval occurring in a point x € X.
Let K be a set of symbol intervals on S. By (A*), any finite sequence of
elements of K is also a symbol interval on S, which will be called a K-word.
Let {I;}32, be a sequence of symbol intervals on S. For each i > 0, denote

K; = {aoloarl; ... I;_10;; a; € S,0 < j < i}

It is easy to see that K; consists of k**! different symbol intervals on 5. We call
{I;}22, normal, if for each ¢ > 0 the following follow:

(N1) There is at least one symbol interval occurring in I; which contains
successively all the k**! different elements of K.

(N2) La is a K;-word for each a € S.

LEMMA A.1: Let S = {O,Al, ...,k —1}, k > 2. Then there is a normal sequence
of symbol intervals on S.
Proof: The proof will be given by induction.
Let Iy = (01...k —1). It is easily seen that Iy satisfies (N1) and (N2).
Suppose for m > 1,{Io, I1, ..., Im—1}, satisfying (N1) and (N2), has been de-
fined. Denote by J,, any symbol interval containing successively all the different

symbol intervals in the set
Ky ={aoly...am-1Im-1am; a;i €S, 0<i<m}.

Put
I, = Jn0L00I; .. .01 1.

It is not difficult to check that {Io,I;...,I,} satisfies (N1) and (N2). By
induction, the lemma holds.
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LEMMA A.2: Let {I;}32, be a normal sequence of symbol intervals, K; =
{aoIo...ai~1I,~_1ai; a; € S,0<35< i}, Vi > 0. Foreachj >0, ifi1 > j
and A € K;, then A is a K;-word.

Proof: For given j > 0, we use induction on .

If i = j, then the conclusion clearly holds. Next suppose the conclusion holds
for i < £ and we prove that it also holds for i = £ + 1. By the definition, there
exist ag,...,ae4+1 € S, such that

A= a()Io . aeIgag.H.

Set B = aglp...Ip—1as. Then B € K,. By (N2), Isae41 is a Kp-word, hence A
is also. By the inductive assumption, each element of K, is a K;-word and so A
is a Kj-word. This proves that the conclusion holds for ¢ = £+ 1. We are done.

LEMMA A.3: For k > 2, there exists in X, an uncountable set E so that if
z = (xoZ1-..),¥ = (yoy1...) are different points in E, then z, # y, for infinitely
many n’s.

Proof: For any z = (zox1...),¥ = (Yo¥1--.) € Tk, 7 is said to be equivalent to
y, write z ~ y, if £, # y, holds only for finitely many n’s. It is easy to check
that ~ is an equivalence relation on ;. Denote by X;,. the quotient space.
We see that for each € I, the set {y € Z; y ~ z} is countable. So Y/~
is uncountable. Let E be an uncountable set formed by taking a representative
from each equivalence class of ¥;,.. Then E satisfies the requirements of the
lemma.

LEMMA A.4: Let © = (xox1...) € Bk, k > 2. If for any j > 0, there is an
N > 0 such that (zo...z;) occurs in (Z;%iy1...TiyN) for each i = 0,1,2,...,
then z € A(o).

The proof, being simple, is omitted.

Proof of Lemma 2.3: We restrict attention to the case £ = 2. Put S = {0,1}.
For any symbol interval A on S, we denote by L(A) the length of A, that is, the
number of all the 0’s and 1’s in A.

Let {I;}32, be, as constructed in Lemma A.1, a normal sequence of symbol
intervals on S. By Lemma A.3, we may choose an uncountable set E of £, such
that if z = (zoz1...),¥ = (Yoy1...) € E are different points, then x, # y, for
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infinitely many n’s. Define ¢: E — X5 by o(z) = zoloz1l; ... (to simplify the
notation we write xoJoz11; ... rather than (zoloz11y...)), Vo = (zoz1...) € E.
Put D = ¢(E). We now prove in succession:

(1) D is an uncountable chaotic set of o.

It is easy to see that ¢ is injective. Thus, since E is uncountable, so also
is D. For any a € D, by the definition, there exists (aga;...) € F so that
a =aglpa1I,.... Set

mi = L{agly ... ai—11;1a;).
Clearly
o™ (a) = Laiqq-.. .

Observing that I; does not depend on the selection of a and L(I;) — oo asi — oo,
we have for any z,y € D,

(A**) lim infd(c™(z),0"(y)) < lim d(c™ (), o™ (y)) =0

n—oo 100

(see [1] for the metric d on ¥3). Again by the property of E, for any z,y € D
with « # y, there are infinitely many n’s so that x,, # y,. So we have

lim supd(c™(x),0"(y)) > 1.

n—oo

And hence (1) holds.

(2) For each y € D, w(y, o) is minimal and D C w(y, o).

Let y = (yoy1-..) € D, where y; € S for each 1 > 0. By the definition, there
exists b = (bob; ...) € E so that

y = (b) =bolob1 L1 ... = (Yoy1.-.)-

Obviously,
(y0y1 e yp) = bOIObl-Il e Ip_lbp, Vp > 0.

For given p > 0, by Lemma A.2, y may be viewed as an infinite sequence of
symbol intervals of the form aoly...aplpap4+1. Set

N =3L(boIo...bpL,bps1).

For given ¢ > 0, it is easy to see that (y;y;+1...¥:+n) contains a symbol interval
of the form agly . ..aplpap41, ie.,

aglp ... apIpap-l—l =< (yiyi+1 - -yi+N)'
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So, by (N1), we have

(yoyl . yp) < b()Io . bp—le—-lbp
<1,
=< a()Io . apIpapH

< (YiYig1 - YigN)-

By Lemma A4, y € A(o). Again by Lemma 2.1, w(y, o) is a minimal set of o.
Next we prove D C w(y, o). For any 2 € D, by (A**),

w(y, o) Nw(z,0) # 0.
Since both are minimal, w(y, o) = w(z, o). Thus

D cC U w(z,0) = w(y, o),
zeD
and then the proof of (2) is obtained.
Thus if y € D, then w(y, o) is a minimal set containing the uncountable chaotic
set D.
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